Explaining nature's biodiversity is a key challenge for science 1 . To persist against a background of interacting species with potentially higher fitness, populations must be able to grow faster when rare, a feature called negative frequency dependence 2-4 . Coexistence theory quantifies this dependence as niche differences (N ), but the available definitions differ greatly in how N should vary with the type of species interactions, and often apply to specific community types only. Here, we present a new definition of N that is consistent with biological intuition and can be applied to communities driven by both negative and positive species interactions, filling a main gap in the literature 5, 6 . We also derive a definition for the corresponding fitness differences (F ) among species, and illustrate how N and F jointly determine coexistence for various community types. We demonstrate that our definitions can be operationalised with theoretical models and experimental data. Our definition qualifies as the first method to quantify N and F in a standardised way across theoretical and empirical communities, facilitating comparison and fostering synthesis in community ecology.
Scientists have addressed this question with various experimental and theoretical methods, while there is no consensus what niche and fitness differences are, and how they can be quantified across the variety of community types observed in nature. Indeed, people have been grappling with the proper operationalisation of these concepts for almost a century 4, 14, [23] [24] [25] [26] [27] [28] and existing definitions often apply to specific communities only. In addition, all but two of the available definitions require an explicit mathematical model of the underlying species interactions (for the exceptions, see 27, 29 ), hampering empirical study of communities driven by processes yet to be uncovered.
There are currently nine different definitions for niche and fitness differences (N and F , Appendix 1). Five of these apply to one specific model only 3, 8, 26, 28, 30 . The other four can be applied to a larger class of models 14, 27, 29, 31 . Seven of them can be applied to the annual plant model, a workhorse of theoretical ecology 3, 7, 15, 17, [32] [33] [34] . Doing so shows that different definitions imply different N despite the same underlying community type (Fig. 1 ). In addition, these values do not readily translate to N values that align with biological intuition, which renders interpretation challenging.
Biological intuition constrains the values that N should take. When intraand interspecific interactions are of equal size, such that individuals of the species are interchangeable, N should equal 0 as both species share the same niche (black triangle in Fig. 1 ). When interspecific interactions are absent, each species operates in its own niche and so N should be one hundred percent, or 1 (i.e. niches are 100% different; black dot in Fig. 1 ). Logically, intermediate interspecific interaction strengths should result in N between 0 and 1 (solid rectangle in Fig. 1 ). At greater inter-than intraspecific competition, species interact more strongly with each other than they would if they were in the same niche. Therefore, N should be negative (dashed rectangle in Fig. 1 ). Finally, when interspecific interactions are positive, e.g. because of facilitation, N should be greater than 1 (dotted rectangle in Fig. 1 ).
Box 1: Application to models
Applying the definitions of eqs. 4 and 5 to a community model demands quantifying the factors c j . These factors convert species i to j and vice-versa (such that c j · c i = 1) and make sure that both species have the same total dependence on limiting factors, which is needed since N should measure relative, not absolute, differences of the dependence on limiting factors. Fig. 2 shows that when both species have the same total dependence on limiting factors (i.e. the white and the black area are equal), the proportion of limiting factors shared with the other species (1 − N , grey region) is equal for both species. We can therefore find c j by solving the equation 1 − N i = 1 − N j . As an example, we took the MacArthur resource model (above equations), u il is the rate at which species i consumes resource l, R l is the density of resource l, m i is the loss rate, r l is the maximal rate at which resource l is regenerated and K l is the resource's carrying capacity. For the species i of the MacArthur resource model one obtains (Appendix 3):
and u i = u i , u i can be thought of the grey, and white respectively black area in Fig. 2 . µ i = ∑ m l=1 u il K l − m i is the monoculture growth rate of the species. Hence we see that c i indeed scales the total dependence on limiting factors. This approach can be adapted to apply to more complex situations as well, e.g. when species have positive effects on each other by generating resources or limit the efficacy of a predator. In that case, species will have a negative total dependence on limiting factors. In that case the c j cannot be used to equate a negative (e.g. of the resource-producing species) with a positive total dependence (of the resource-consuming species), as the c j are strictly positive. We show in appendix 2 that solving |1 − N i | = |1 − N j | yields a solution for c j . A code to compute the c j , N and F for any model can be found on https://github.com/juergspaak/NFD definitions. 4
What would a definition of N need to look like to align with biological intuition? The per capita growth of a species i reads
where N i , N j are the densities of species i and a species j (i = j) with which i interacts. We assume that the per capita growth rates ( f i ) in monoculture are maximal when species have very low density:
The constraint that N should be 1 in the absence of species interactions mathematically translates to
The constraint that N should be 0 when inter-and intraspecific interactions are equal yields
Here, the factor c j quantifies the difference in total dependence on all limiting factors, which is needed to convert the density of j to the density of i. Equations 1-3 hold for all densities N i , N j , but measuring the strength of frequency dependence for a focal species i is typically done by inspecting how f i behaves when i is at low frequency, i.e. when N i ≈ 0 and j is at its monoculture equilibrium N * j . In this scenario eqs. 2 and 3 become
is the invasion growth rate, f i (0, 0) is the monoculture growth rate and f i (c j N * j , 0) we term the no-niche growth rate.
Interpolation then results in
Here we assume c j = 1 for notational simplicity, but illustrate how to quantify c j in box 1. The new definition of N has a clear biological interpretation. N compares the interspecific competition f i (0, N * j ) with intraspecific competition f i (N * j , 0) 4, 30 . The total density is the same (N * j ) in both terms but the frequency of the species i differs, being 0% in f i (0, N * j ) and 100% in f i (N * j , 0). N therefore measures frequency dependence 3,7 . In addition, eq. 4 aligns with the biological constraints outlined above and in Fig. 1 , as it meaningfully maps three possible cases of species interactions into three ranges of N . To illustrate this, we applied this definition to the same annual plant model discussed above (https://github.com/juergspaak/NFD definitions). When species interact negatively and do so more within than between species, N is bounded in [0, 1] (solid rectangle Fig. 1 ). However, when interspecific competition is stronger than intraspecific competition ( f i (0, N * j ) < f i (N * j , 0)) N will be negative (dashed rectangle, Fig. 1 ). In such a case N can never support coexistence, as species have a positive frequency dependence: species grow faster when abundant 35, 36 . On the other hand, when interspecific effects are positive (
) N is larger than 1 (dotted rectangle, Fig. 1 ). Our novel definition of N has important consequences for how the fitness difference F is mathematically defined. Verbally, F is the difference in intrinsic growth rate between species when both species have the same niche, i.e. N = 0 15, 16 . Therefore
F i ranges from −∞ to 1 and measures the difference in normalized species growth rate when all frequency dependence has been removed 3,15 i.e., as if we had put species j into species i's niche. When F i is 0 both species are equally competitive. Note that the second term of eq. 5 is 0, which shows that F i is identical to the normalized species growth rate of species i in absence of frequency dependence. The developed equations for N and F can be generalised to multispecies communities (Appendix 2):
Here, c i j converts densities of species j into i, N −i, * is the vector of equilibrium densities in the absence of species i, and 0 denotes the absence of all species other than i. These definitions represent the net effect of species interactions on N and F , i.e. direct, indirect 37 and higher order effects 38 . Importantly, the interpretations given for the two-species community still apply. Species persist when their invasion growth rates f i (0, N −i, * ) are positive 4, 39, 40 . Interestingly, normalising the invasion growth rate by the monoculture growth rate f i (0, 0) yields (Appendix 2) Figure 4 : Three growth curves per species suffice to quantify N and F for a two-species community: (1, black circles) grow both species i and j in a monoculture starting from low density to obtain f i (0, 0) and f i (c j N * j , 0); (2, empty circles) grow species i and j in a monoculture starting from a density higher than equilibrium density to obtain f i (c j N * j , 0); (3, triangles) measure the invasion growth rates of both species to obtain f i (0, N * j ). An automated code to compute N and F from such experimental data can be found on https://github.com/juergspaak/NFD definitions.
Thus, i can persist within the community when 1 :
Apart from formalising N and F in a way that is independent of the study system, our definitions can be applied to models (Box 1) and to experimental studies. Straightforward experiments with varying starting densities suffice to quantify N and F (Fig. 4) . These experiments allow measuring the factor c i , giving insight in the total dependence on limiting factors of each species. Importantly, our definitions can be applied directly to the measurements of the 1 Assuming that N i < 1 8 experiment and do not require any assumption on population growth as do many other definitions for N and F . This is particularly useful since natural communities are typically governed by a multitude of species interactions, many of which will be unknown 41 . However, this also highlights a key challenge when empirically assessing N and F : In multispecies communities, the experimental work will be tremendous (2n monoculture, n(n − 1) invasion and n multispecies experiments), making the quantification of N and F challenging if not prohibitive in species-rich communities.
A first feature of our definition of N is that it fosters an intuitive biological interpretation of how similarities and differences among species map to the persistence of species and communities (Fig. 1) . A second feature is that our definitions can be operationalised in a variety of ecological communities, regardless of community complexity (the number of species, eq. 6) or the kind of species interactions (priority effects, neutrality, competitive exclusion, coexistence, parasitism, and mutualism, Fig. 3 ). Importantly, theory to analyse communities with non-competitive, such as mutualistic and trophic, interactions for N and F has been lagging behind empirical work. Our theory provides the tools to analyse data of such communities, which were often left treated improperly in former coexistence studies in spite of a theoretical framework 5, 6 . Taken together, the novel definitions of N and F we present here promote conceptual unification and facilitate empirical research in community ecology and biodiversity science.
